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Paper on motion
W. Croone, 1668

The law of nature 
concerning the collision 

of bodies
C. Wren, 1668

The Principia (I. Newton, 1686)
Translated by A Motte

1846

On the motion of bodies 
resulting from impact

C. Huygens, 1668
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Invented by Edme Mariotte

Newton cradle

Historic overview
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Sinai billiard; 1963

P. Lieber and D.P. Jensen; 1945 Vibro-impact systems have rich dynamical 
behavior
• Chaotic motion
• Possesses classical and non-classical 

bifurcations, including Symmetry 
breaking, Grazing, Border-Collision and 
Chattering bifurcations 

• Use special methods developed for VI 
systems (Zhuravlev’s transformation, 
Mapping approach)

• Motivated targeted energy transfer and 
nonlinear energy sinks  
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Basketball, Baseball, Boules, Bowlin, Cricket, Croquet, Billiard, 
Football, Golf, Bandy Field Hockey, Netball, Polo, Table football, Table 
Tennis, Tennis, Volleyball  and many others

Impacting systems
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No damping and no friction are 
assumed

Motion of the tube is:

𝑧𝑀
′′ 𝑡 =

𝐴 cos(2𝜋𝑓0𝑡)

𝑀

Motion of the ball is:

𝑧𝑚
′′ 𝑡 = −𝑔 sin 𝛽

The impact conditions are:
∆𝑧 =  𝑧𝑀 − 𝑧𝑚 = 𝑠/2 for impacts on the left
∆𝑧 =  𝑧𝑀 − 𝑧𝑚 = −𝑠/2 for impacts on the right

DE membranes
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VI-pair EH device
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𝑄 = 𝐶𝑉, 𝐶 =
𝜀𝜀0𝑉𝑜𝑙

𝑧2 , d𝑄 = 𝑉𝑑𝐶  



We consider 1:1 motion

Semi-analytical study / BTB motion

Maps approach

         

COBEM 2025
28th International Congress of Mechanical EngineeringVI-CAPSULE

P1P2

We consider 2:1 motion

P1P2P3

To understand the 
conditions that lead to 

the higher efficiency and 
using the design 

parameters to sustain this 
motion 



Semi-analytical study / BTB motion

Classical bifurcations, which can be identified from linear analysis, help us 

to predict motion stability 
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Grazing

Using the maps and conditions

It is possible to establish the exact 

set of parameters for grazing.

Unlike PD and FB, the linear 

stability analysis cannot predict 

grazing bifurcation
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Grazing bifurcations



Competing bifurcations

         

COBEM 2025
28th International Congress of Mechanical EngineeringVI-CAPSULE

=/9, r=0.3, A=5N =/4, r=0.5, s=0.5m

=/3, r=0.5, A=5N
=/2, r=0.7, s=0.5m



Competing bifurcations

d=0.242

d=0.233d=0.205
d=0.225

d=0.174

1:1/2T
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Competing bifurcations
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Competing bifurcations

=/3; reducing “s” =/6; increasing “A”
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Targeted Energy Transfer
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F=0.05 F=0.1

 



Targeted Energy Transfer
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  

  



First return maps: 
Use the short sequences of returns to 𝝏𝑩 
return  maps as the building blocks

Time series

Over state space: 
Sweep       fixed`𝑍

·

𝑘 𝜓𝑘

𝑍
·

𝑘 𝜓𝑘

BB

BTB
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Phase planes



Return maps in Relative framework: 
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Computer-assisted 
method
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Exchange non-smooth impacts 
for non-smooth surfaces

potential attracting 
dynamics

potential transient 
dynamics

Cobweb
Logic map
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Computer-assisted 
method



Region of likely return to same values of               
in phase plane, return near the diagonal 

Remainder of the region is transient BTB 
behavior: shape of surface and/or not near 
diagonal in phase space

ℛ1
𝑍
·

𝑘 , 𝜓𝑘

Computer-assisted method
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Computer-assisted 
method



Computer-assisted method

Approximate separable 1D maps in transient regions (R2, R4, R5):
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Computer-assisted 
method



Computer-assisted method

FP case

ℛ2

ℛ4
ℛ5

ℛ1

ℛ3          
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Computer-assisted 
method



Computer-assisted method
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Computer-assisted 
method



Computer-assisted method
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Computer-assisted 
method



Global Analysis

Worst Case Scenario:
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Computer-assisted 
method



         

Current State of the art
• Some substantial progress has been made in understanding of non-smooth system, including VI systems

• Almost anything is possible in such systems in terms of nonlinear behavior and bifurcations, including ghost 
bifurcations

• Global stability analysis can deal with low dimensional systems

• TET can be effective not only near the resonance, but also force should match the mass ratio for optimal 
performance

• Energy harvesting and Vibration Mitigation are not exactly two sides of one coin
 

CONCLUSIONS COBEM 2025
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Challenges
• Large systems require high computational power tracking multiple impacts

• Automate the process of deriving maps

• Global stability analysis for MDOF systems

• Design systems with prescribed behavior (energy localization, energy transfer, etc)
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