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Abstract. Multiphase flows in pipeline-riser systems in oil production offshore system may not have a steady state under
certain flow and geometric conditions. In this case, the flow is intermittent, usually periodic, and may lead to harmful
operation conditions and, therefore, the oil production shutdown. Linear stability analysis of an adequate flow model
reveals the regions in the parameter space where a steady flow operation regime exists. This work presents and discusses
different strategies to perform the numerical linear stability analysis of an adequate model for two-phase flows in pipeline-
riser systems with and without friction along the riser. The two-phase model consists of a system of partial-differential
algebraic equations (PDAE). Therefore, topics from the theory of differential-algebraic equations (DAEs) are used in the
different strategies to perform numerical linear stability analysis. Our results show that different strategies lead to very
similar stability maps, as expected.
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1. INTRODUCTION

Multiphase flow in pipeline-riser systems may not have a steady state regime for low gas and liquid mass flow rates
when the pipeline presents parts with downward inclination followed by parts with upward inclination. Under such
conditions, the flow may be intermittent, leading to hydrodynamic instabilities. The more severe of these instabilities
is known as severe slugging, which may have a period of hours, causing higher average pressures, instantaneous flow
rates and oscillations at the reservoir. These conditions may lead to the oil production shutdown. Therefore, any tool that
reveals which system parameter configurations have a steady state would be desirable.

Linear stability analysis (LSA) of an adequate flow model is such a tool, since it reveals the regions in the system
parameter space where a steady state exists. To perform the LSA of a dynamic system, at first, the stationary states need
to be identified. Then, the dynamic system governing equations are linearized with respect to the stationary state solution
of interest regarding being stable or not. If the stationary state is stable, it exists in the physical world, and is a steady
state. The linearized governing equations govern how perturbations of the chosen stationary solution evolves with time. If
perturbations grows with time, the chosen stationary solution is unstable, and otherwise it is stable. The growth rate of the
perturbations of the chosen stationary solution is given by the real part of the eigenvalues of the spectrum associated with
the linearized perturbation governing equations. If all eigenvalues have negative real part, the chosen stationary solution
is stable, but if at least one eigenvalue has positive real part, the chosen stationary solution is unstable. Once it is possible
to decide if a stationary state is stable or not for a configuration of the pipeline-riser system flow parameters, the search
in the system parameter space for the stability boundary can be done. The stability boundary is the boundary between the
regions where the considered stationary solution is stable and the regions where it is unstable.

The model for two-phase flow in pipeline-riser systems presented in Baliño et al. (2010) is addopted in this work. This
model was used to simulate numerically the air-water multiphase flow in a catenary riser for the experimental conditions
reported in Wordsworth et al. (1998). It was extended for oil-gas-water systems in Nemoto and Baliño (2012) and for
air-water systems including inertial effects and mitigation devices in Baliño (2012). The riser is modelled as an extended
system, with one-dimensional and isothermal flow and a mixture momentum equation in which gravitational and friction
terms are relevant. To close the riser flow model, a drift flux relation is considered. The pipeline is modelled as a
concentrated parameter system. Therefore, the riser flow governing equations consists of a systems of PDAEs, with the
pipeline flow governing equations as the riser bottom boundary conditions.

The numerical LSA can be performed in different ways. Each of them is a different strategy. The numerical LSA
steps are given in the second paragraph above, and are the same for each strategy. The difference among strategies lies
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in how each step is performed. For example, in Azevedo et al. (2015), the void fraction is eliminated from the set of
dependent variables since it is related to the other dependent variables through an algebraic relation. The ideia is to
reduce the system of PDAEs governing the riser flow to a system of partial-differential equation (PDE). All the resulting
governing equations are PDEs. There is no time derivative in the momentum equation since no inertia effects are present
in the flow model. On the other hand, in Burr et al. (2013) the void fraction is not eliminated, but the flow governing
PDAEs are discretized in space, resulting in a system of DAEs. Once the stationary state is obtained, the next step in
the LSA is to write the dependent variables as their stationary value plus an infinitesimal perturbation and susbtitute in
the pipeline-riser flow governing equations. In Azevedo et al. (2015), this step is done for the constinuous governing
PDEs, while in Burr et al. (2013), this step is done for the system of DAEs resulting from the PDAEs space discretization.
The next step in the LSA is to linearize the resulting equations. This is done for the flow governing PDEs in Azevedo
et al. (2015) and for a system of non-linear DAEs in Burr et al. (2013). For Azevedo et al. (2015), the linear system of
PDEs have variable coefficients and, in general, no closed form solution. Therefore, to make progress, the linear PDEs
for the variables perturbation are discretized using the finite difference method, which results in a system of linear DAEs
instead of a system of ODEs. Since there is no time derivative in the linear momentum equation, its space discretization
results in a set of algebraic equations. At this point, both Azevedo et al. (2015) and Burr et al. (2013) reach a system
of linear DAEs to study the stability of the stationary state, which is given by the spectrum of the associated generalized
eigenvalue problem. For linear DAEs the associated generalized eigenvalue problems have at least one singular matrix.
Numerical methods to solve a generalized eigenvalue problem of dimension n×n will give n eigenvalues, despite the fact
that the right number of eigenvalues is less than n when one of the generalized eigenvalue problem matrices is singular.
The void fraction elimination performed in Azevedo et al. (2015) was very successfull in terms of eigenvalue problem
numerical evaluation, since standard numerical methods employed to solve generalized eigenvalue problem gave the right
set of actual eigenvalues well apart from the spurious set of eigenvalues (infinite under the machine perspective) for the
eigenvalue problem structure achieved with the void fraction elimination, according to numerical experiments. There was
no need to evaluate the size of the actual spectrum before the eigenvalues numerical evaluation. Burr et al. (2013) on the
other hand, evaluated the number of eigenvalues using the projector method (Riaza (2008) and Lamour et al. (2013)). This
was necessary since the number of eigenvalues was smaller than the rank of the generalized eigenvalue problem matrices
and the set of actual and spurious eigenvalues given by the numerical eigenvalue problem method were not very clearly
appart.

The two-phase flow model for the riser and pipeline are given in the next section. The third section presents and
discuss different strategies to perform numerical LSA. The foccus is on the approach presented in Burr et al. (2013). The
key point is to understand the linear generalized eigenvalues problem used to decide the stability of the stationary state.
It is shown how symbolic manipulation software and the projector method could be usefull to determine the number of
eigenvalues. In the fourth section, some results are given. The model with and without friction is considered, since the
related eigenvalue problems have very different spectra, what makes clear the advantages of evaluating the spectrum size
before trying to compute it. Stability maps generated using different strategies are also shown and they illustrate very
similar stability boundary, as expected. The last section presents a discussion and conclusions.

2. TWO-PHASE FLOW MODEL

The two-phase model considered here is described in detail in Baliño et al. (2010), but the model equations are given
to make the paper self contained.

The pipeline-riser system is composed basically of two parts, the pipeline plus a gas buffer and the riser (see Fig. 1).
The pipeline and the riser are connected at the bottom of the riser. The pressure at the top of the riser is assumed given
and we have liquid and gas mass flowing into the pipeline.

The two-phase flow in the pipeline is assumed as always stratified and this flow pattern extends either to the whole
pipeline (see part (A) of Fig. 1) or up to the liquid penetration position in the pipeline (see part (B) of Fig. 1). The con-
figuration illustrated in part (A) of Fig. 1 shows continuous gas flow from the pipeline into the riser and the configuration
illustrated in part (B) of Fig. 1 shows no gas flow from the pipeline into the riser and partial pipeline flooding with liquid.
Variables Ql0, ṁg0, β, L, g and x illustrated in Fig. 1 represent, respectively, the volumetric flow rate of liquid into the
pipeline, the gas mass flow rate into the pipeline, the pipeline inclination angle, the distance of the liquid inlet from the
bottom of the riser, the gravity acceleration constant and the pipeline liquid flooding distance from the bottom of the riser
(part (B) of Fig. 1). An isothermal drift-flux model assuming quasi-equilibrium momentum balance for the two-phase
flow in the riser is considered.

The set of governing equations is not the same for the two different configurations represented in Fig. 1. Below, only
the governing equations for the configuration x = 0 illustrated in part (A) of Fig. 1 above are given, since only this
configuration has a stationary state and is necessary for the LSA. The second configuration comes into play only with the
hydrodynamic instability development.
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Figure 1. Part (A) - First configuration: x = 0. Part (B) - Second configuration: x > 0.

2.1 Governing equations for the two-phase flow

The governing equations for the two-phase flow in pipeline-riser system are given in non-dimensional form. The
non-dimensional variables are given according to the set of equations below:

x∗ =
x

Lr
, (1)

s∗ =
s

Lr
, (2)

P ∗ =
P

ρlRgTg
, (3)

j∗ =j
A

Ql0
, (4)

t∗ =t
Ql0
ALr

, (5)

ṁ∗ =
ṁ

ρlQl0
, (6)

where Lr is the riser length, A is the cross-sectional area of the pipeline and riser, s is the space parametrization along
the riser length, Tg is the absolute temperature of the gas, ρl is the liquid phase density, Rg is the gas constant, j stands
for superficial velocity, ṁ stands for mass flow rate, P stands for pressure and t stands for time. The variables with * as a
superscript are non-dimensional variables.

2.1.1 Pipeline governing equations

First, the non-dimensional governing equation for the pipeline are given. The gas in the pipeline is assumed to behave
as a pressure cavity at non-dimensional pressure P ∗g , constant in position and evolving isothermally as a perfect gas. A
fixed control volume is considered with the pipeline and gas buffer contours as the control volume surface. For this control
volume, the mass conservation equation for each of the two phases are obtained. Two different situations at the pipeline
are considered. There is either continuous gas penetration from the pipeline into the riser (x∗ = 0, see part (A) of Fig.
1) or partial liquid flooding of the pipeline (x∗ > 0, see part (B) of Fig. 1). Since the main interest is discussing LSA
strategies, the presentation is only limited to the pipeline governing equations for the situation of continous gass passage
from the pipeline to the riser (part (A) of Fig. 1). Only this configuration (x∗ = 0) has a stationary state and matters for
the LSA. The liquid phase mass conservation equation is

−δ dαp
dt∗

+ j∗lb − 1 = 0. (7)

Notice that in this case, the gas non-dimensional pressure P ∗g is equal to the non-dimensional pressure at the bottom
of the riser. Then, the riser bottom non-dimensional pressure P ∗b is used instead of the gas non-dimensional pressure P ∗g
in the gas phase mass conservation equation, which is

(δαp + δb)
dP ∗b
dt∗

+ δP ∗b
dαp
dt∗

+ P ∗b j
∗
gb − ṁ∗g0 = 0, (8)

where j∗gb is the gas non-dimensional superficial velocity at the bottom of the riser.
To close the model for the pipeline, an implicit algebraic relation is used. It relates the pipeline void fraction αp with

the non-dimensional gas superficial velocity at the bottom of the riser j∗gb, with the non-dimensional liquid superficial



K. P. Burr, G. R. de Azevedo and J. L. Baliño
Numerical Linear Stability Analysis Strategies For Two-Phase Flows

velocity at the bottom of the riser j∗lb and with the non-dimensional gas pressure P ∗g . This relation is derived from local
momentum equilibrium for each phase of a stratified flow in a pipeline (Taitel and Dukler (1976); Kokal and Stanislav
(1989)). The pressure gradient is considered to be the same for both phases, and then eliminated. This procedure leads to
an algebraic relation similar to Eq. (3) of Taitel and Dukler (1976). For the case x∗ = 0, this algebraic relation can be
writen as

Ap(αp, j
∗
lb, j
∗
gb, P

∗
b ) = 0, (9)

since in this case P ∗b = P ∗g .

2.1.2 Equations for the riser

For the riser, non-dimensional equations are derived from an isothermal drift-flux model assuming quasi-equilibrium
momentum balance for the two-phase flow in the riser. The mass conservation equation for the liquid phase is

−∂αr
∂t∗

+
∂j∗l
∂s∗

= 0, (10)

where j∗l is the non-dimensional liquid superficial velocity along the riser and αr is the void fraction along the riser. The
mass conservation equation for the gas phase is

∂

∂t∗
(P ∗αr) +

∂

∂s∗
(P ∗j∗g ) = 0, (11)

where P ∗ and j∗g are, respectively, the non-dimensional pressure and the non-dimensional gas superficial velocity along
the riser.

The present model considers pressure variation due to the hydrostatic force and friction. Inertia forces are assumed
small compared to other forces and neglected. The shear stress at the riser wall was modeled using a homogeneous two-
phase flow model (see Kokal and Stanislav (1989)) for the fluid and a Fanning friction coefficient fm. Then, the linear
momentum equation is

∂P ∗

∂s∗
= −ΠL[1− αr + P ∗αr]

(
sin(θ(s∗)) +

4

ΠD
fmj

∗|j∗|
)
, (12)

where the non-dimensional number ΠL is given by the equation

ΠL =
gLr
RgTg

. (13)

This non-dimensional number is the ratio between the hydrostatic pressure at the bottom of the riser when it is filled
completely with liquid and the gas pressure times the ratio between the gas and liquid densities. The non-dimensional
number ΠD is defined as

ΠD =
2gDA2

Q2
l0

, (14)

and θ(s)∗ is the local riser inclination angle at position along the riser arc length, j∗ is the sum of the liquid and gas
superficial velocities and fm = fm(Re,m, εr/D). The quantity εr represent the riser wall roughness, D represents the
riser diameter and Re,m is the liquid-gas mixture Reynolds number given by

Re,m =
Ql0D

Aνl

(1− αr + Pαr)|j∗|
1− αr + δµαr

, (15)

where δµ is the ratio between the gas and liquid dynamic viscosities. To close the model a constitutive law is considered.
This constutive law corresponding to the drift flux model (Zuber and Findlay (1965)) relating the void fraction along the
riser with the local values of the gas and liquid non-dimensional superficial velocities, and along the riser it is given by
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j∗g = αr[Cd(j
∗
l + j∗g ) + U∗d ]. (16)

For the drift flux coefficients Cd and U∗d , the following correlation based on experimental data (Bendiksen (1984)) are
used:

Cd =

{
1, 05 + 0, 15 sin(θ(s∗)) for |j∗| < 3, 5

√
gDA
Ql0

1, 2 for |j∗| ≥ 3, 5
√
gDA
Ql0

(17)

U∗d =


√
gDA
Ql0

(0, 35 sin(θ(s∗)) + 0, 54 cos(θ(s∗)))

for |j∗| < 3, 5
√
gDA
Ql0

0, 35
√
gDA
Ql0

sin(θ(s∗)) for |j∗| ≥ 3, 5
√
gDA
Ql0

(18)

The boundary conditions for the riser are the pressure Pt at the top of the riser and the liquid and gas mass flow
rate at the bottom of the riser. The pipeline has the gas mass flow rate ṁg0 and the liquid volumetric flow rate Ql0 (see
Fig. 1 for details) as boundary conditions. The boundary condition at the top of the riser in non-dimensional form is
P ∗t = Pt/(ρlRgTg). If the pipe cross sectional area does not change at the pipeline-riser interface, the pressure and
superficial velocities at the bottom of the riser are, respectively, the pressure and superficial velocities at the pipeline. As
a consequence, the pipeline governing equations can be seen as boundary conditions for the flow in the riser. To further
simplify the model, the pipeline void fraction is assumed not vary with time.

Since the two-phase flow governing equations are only in terms of non-dimensional variables, and for simplicity, from
now on the superscript * is omitted from the equations.

2.2 Space Discretization

The equations for the riser are PDAEs. This system of PDAEs is discretized in space and consequently transformed
in a system of DAEs. The method of lines is used. The riser (interval 0 < s < 1) is discretized in N nodes (N − 1
sub-intervals) and the dependent variables are represented by their values at each discretization node. Eq.s (10), (11), (12)
are integrated for s in the interval [sj , sj+1], what results in 3N − 3 Eq.s in terms of the dependent variables at nodes j
and j + 1. The trapezoidal rule is used to evaluate the integrals that appear in the 3N − 3 Eq.s previously obtained. The
algebraic Eq. (16) is applied at each node of the discretization, resulting inN algebraic equations. The pipeline governing
Eq.s. (7)-(8) with αp constant applied at the first riser node are the riser bottom boundary conditions and give two more
equations. The riser top boundary condition is applied at the last riser node and give one more algebric equation. Finally,
the space discretization process ends up with 4N dependent variables and a system of 4N equations given by


0 0 0 M14

0 0 M23 M24

0 0 M33 0
0 0 0 0
0 0 0 0




∂
∂t jl
∂
∂t jg
∂
∂tP
∂
∂tαr

 =


h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

 (19)

where x = {jl,1 . . . jl,N jg,1 . . . jg,N P1 . . . PN αr,1 . . . αr,N}T and

(M14)k,k = (M14)k,k+1 = −∆sk
2

= − (sk+1 − sk)

2
; k = 1, . . . , N − 1

(M23)k,k =
∆sk

2
αr,k; k = 1. . . . , N − 1

(M23)k,k+1 =
∆sk

2
αr,k+1; k = 1. . . . , N − 1 (20)

(M24)k,k =
∆sk

2
Pk; k = 1. . . . , N − 1

(M24)k,k+1 =
∆sk

2
Pk+1; k = 1. . . . , N − 1

(M33)1,1 = 1.

Only the non-zero elements of the mass matrix block are given by Eq. (20). The elements of vector {h} are given by
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(h1)k = jl,k − jl,k+1; k = 1, . . . , N − 1

(h2)k = Pkjg,k − Pk+1jg,k+1; k = 1, . . . , N − 1

(h3)1 =
ṁg,0 − P1jg,1

α̂p

(h3)2 = jl,1 − 1

(h4)k = Pk+1 − Pk + ΠL

{
I1,k +

4

ΠD
I2,k

}
; k = 1, . . . , N − 1 (21)

(h4)N = PN − Pt
(h5)k = jg,k − αr,k[Cd,k(jl,k + jg,k) + Ud,k]; k = 1, . . . , N

with

α̂p =
L

Lr
αp +

Lb
Lr
, (22)

and

I1,k =
∆k

2
{sin θk+1 + sin θk + (αr,k+1(Pk+1 − 1) sin θk+1 + αr,k(Pk − 1) sin θk)}

with k = 1, . . . , N − 1,
(23)

which represents the approximation of the mixture weight term in the linear momentum equation at the interval [sj , sj+1],
and

I2,k =
∆k

2
{[1 + αr,k+1(Pk+1 − 1)] fm,k+1(Re,m,k+1, εr/D)jk+1|jk+1|+ [1 + αr,k(Pk − 1)] fm,k(Re,m,k, εr/D)jk|jk|}

with k = 1, . . . , N − 1.

(24)

This last equation represents the aproximation of the friction term in the linear momentum equation for the mixture
at the interval [sj , sj+1]. In the case of no friction between the fluid and the riser pipe, I2,k = 0. The Reynolds number
Re,m,k is evaluated according to

Re,m,k =
Ql0D

Aνl

(1− αr,k + Pkαr,k)|j∗k |
1− αr,k + δµαr,k

. (25)

The system of Eq.s (19) represents the two-phase flow governing equations in discretized form, and are a system of
DAEs.

3. LINEAR STABILITY ANALYSIS STRATEGIES

The dynamics of a system of partial-differential algebraic equation is quite different from the dynamics of a system of
partial differential equations since the time evolution of the dependent variables given by the partial-differential part of a
system of PDAEs has to satisfy the algebraic part. This point can be made more clear if we discretize in space the system
of PDAES, and obtain a system of DAEs. Now the time evolution of the dependent variables is given by the the ordinary
differential part of the system of DAEs, but it has to satisfy the algebraic part of the system of DAEs. The algebraic part
of the system of DAEs with dimension n does not allow its solution to reach any point in Rn. The solutions of a system
of DAEs with dimension n is actually restricted to a subspace of Rn, which is actually a manifold for an autonomous
systems of DAEs, as is the system of Eq.s (19). Therefore, the stationary states are inside this manifold, which we label
as the DAEs solution manifold.

When the stability of a stationary state is studied, the system of DAEs is linearized with respect to the considered
stationary state and a system of linear DAEs is obtained as the governing equations for the stationary state perturbation.
The dynamic of the stationary state perturbation are restricted to a subspace tangent to the DAEs solution manifold at the
stationary state. Therefore, the study the stationary state linear stability is restricted to this tangent space. This fact leads
to two different strategies to perform the LSA.



IV Journeys in Multiphase Flows (JEM2017)
March 27-31, 2017 - São Paulo, Brazil

The first stategy is to reduce the size of the original system of governing equations by using the algebraic part of the
governing equations to eliminate dependent variables. This reduce the system of PDAEs to a system of PDEs. The space
discretization of this system of PDEs reduces it to system of ODEs only if all the PDEs have partial derivatives with
respect to time, but if any of the PDEs does not have partial derivatives with respect to time the space discretization gives
a system of DAEs, and the dynamic of the dependent variables is still restricted to a manifold with dimension smaller than
the dimension of the system of discretized equations. The dimension difference is now much smaller than before using
the algebraic part of the governing equations to eliminate dependent variables, and this fact is helpful in the stationary
state linear stability study. This strategy is discussed in section 3.1.

The second strategy is not to eliminate the algebraic part of the equations, but to project the system of DAEs in the
DAEs solution manifold. This is done only to study the stability of a stationary state. The linearized system of DAEs
with respect to the stationary state are projected to the subspace tangent to the DAEs solution manifold at the stationary
state. The projected system of DAEs has mass matrix of full rank, and it is actually a system of linear ODEs. Therefore,
the stability study of a stationary state of a linear system of DAES is reduced to the stability study of a stationary state of
linear system of ODEs according to this strategy. This strategy is named the projector method and is discussed in section
3.2.

The stability of a stationary state of a system of DAEs is given by the solution of the linearized system of DAEs with
respect to the stationary state. This solution is written as

d∑
j=1

Ajvj exp(λjt), (26)

where vj and λj are, respectively, the j−th eigenvector and eigenvalue of the generalized eigenvalue problem associated
with the linear system of DAEs, the constants Aj are determined from the initial condition and d is the number of eigen-
values/eigenvectors. According to Eq. 26, the stationary state is stable if all λj have negative real part (perturbation vanish
as t → ∞) and is unstable if at least one λj has positive real part. This is the stability criterion. Therefore, to decide the
stationary state stability, we need to evaluate all eigenvalues of the generalized eigenvalue problem related to the linearized
system of DAEs with respect to the stationary state. The question here is which is the value of d (number of eigenvalues)?
For linear system of ODEs d is the system dimension, but for linear DAEs d is at most the rank of the singular matrix
(usually the mass matrix) of the generalized eigenvalue problem, but usually less. We usually need to estimate the value
of d before computing the eigenvalues/vectors since standard numerical methods for generalized eigenvalue problems
assume that the matrices involved are not singular, and give a number of eigenvalues equal to the size of the system of
linear DAEs, larger than the actual value of d. These extra numerical solutions of the generalized eigenvalue problem
are usually very large numbers, sometimes not representable under machine capabilities, but sometimes the correct set of
eigenvalues are not clearly separated from this extra set of eigenvalues. Therefore, an estimate of d before computing the
eigenvalues is desirable, and symbolic computing (Maple or Mathematica, for example) could be useful to estimate the
value of d as discussed in section 3.3 . The projector method also furnishes a numerical estimate for the value of d (see
section 3.2).

3.1 Algebraic Equations Elimination

The purpose of this strategy is to eliminate dependent variables through the algebraic equations present in the multi-
phase flow governing equations for a pipeline-riser system, reducing the number of dependent variables and equations.
This approach can be applied directly to the continuous system of governing equations (Eqs. 7-18), to the discretized
version of the system governing equations, given by Eq. (19), and to the linearized system of DAEs with respect to the
stationary state (see Eq. (31) or Eq. (37) below).

The elimination of dependent variables through the algebraic part of the continuous system of governing equation is
used in Azevedo et al. (2015) to study the effect of mechanisms such as gas injection, choking and different boundary
conditions on the stability of the stationary state for two-phase flows in vertical and catenary pipeline-riser systems.
Azevedo et al. (2015) eliminates the void-fraction using the drift flux relation (see Eq. 16 above), which is an algebraic
equation. The result is a system of PDEs, but the linear momentum equation (see Eq. 12 above) has no time partial
derivative. The linearization with respect to the stationary state is done for the system of PDEs resulting from the void-
fraction elimination. This results in a linear system of PDEs, which has coefficients function of the space variable s,
and therefore, cannot be solved analytically. To make progress, this linear system of PDEs are discretized in space using
finite difference. Since, the linear momentum equation has no time partial derivative, its discretization results in algebraic
equations. Therefore, the discretization of the linear system of PDEs results in a system of DAEs instead of a system of
ODEs.

The purpose of using the algebraic part of the governing equation to eliminate dependent variables is to obtain a
linear system of ODEs or a at least a linear system of DAEs with smaller dimension when studying the stability of a
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stationary state. Azevedo et al. (2015) dependent variables elimination process did not result in a linear system of ODEs,
but instead gave a linear system of DAEs with a very interesting property. Standard numerical methods applied to its
associated generalized eigenvalue problem give its set of eigenvalues well apart from the spurious eigenvalues, according
to numerical experiments.

The elimination of dependent variables through algebraic equations can also be done to the space discretized version of
the two-phase flow governing equations. According to equation (19), both the void fraction αr,k at the riser discretization
nodes and the pressure Pk at the riser discretization nodes may be eliminated using the algebraic equations

(h4)k = 0; k = 1, . . . , N (27)
(h5)k = 0; k = 1, . . . , N, (28)

where the vectors h4 and h5 are defined by Eq. (21). The vector h5 can be used to eliminate αr,k and then vector h4 can
be used to eliminate Pk. Elimination of αr,k through vector h5 is straightforward, but the analytical elimination of Pk
through h4 occurs through a nonlinear recurrence relation which can be written in the form

PN = Pt (29)

and

Ak−1Pk−1 +BkPk + Ck−1 = 0; for k = 2, . . . , N, (30)

where Ak and Bk are functions of the dependent variables αr,k, jl,k, jg,k and Pk and Ck is a function of both αr,k,
jl,k, jg,k, Pk and αr,k−1, jl,k−1, jg,k−1, Pk−1. The solution of the nonlinear Eq. (30) starts at k = N , to obtain PN−1

as a function of Pt and of the dependent variables at node N − 1 and N . The nonlinear Eq. (30) can be solved all
the way to k = 2 to obtain P1 as a function of Pt and of the dependent variables at all nodes. This approach has to
be done numerically. In the elimination process, ∂Pk/∂t, k = 1, . . . , N need to be also eliminated. This can be done
by differentiating Eq.s (29)-(30) to obtain a linear recurrence relation for ∂Pk/∂t in terms of partial time derivative of
the other dependent variables at node k and k − 1. The solution of this recurrence relation leads to very cumbersome
expressions for ∂Pk/∂t with the increase of the riser discretization size N . The variable jl,1 is also eliminated through
the boundary condition jl,1 = 1. At the end of this elimination process the original system of 4N equations is reduced to a
system of 2N−1 equations where all equations are ODEs in terms of the dependent variables jl,2, . . . , jl,N , jg,1, . . . , jg,N .
This approach was not implemented numerically.

A more useful way to eliminate dependent variables through the algebraic part of the equations is to apply it to the
linearized version of the matrix Eq. (19) with respect to the stationary state x̃. The linearized version of Eq. (19) can be
written as

M(x̃)︸ ︷︷ ︸ M11 M12

0 0


∂

∂t

{
x̄1

x̄2

}
=

[
∂h

∂x
(x̃)

]
︸ ︷︷ ︸ H11 H12

H21 H22



{
x̄1

x̄2

}
(31)

where x̄1 = {j̄l,2 . . . j̄l,N j̄g,1 . . . j̄g,N}
T and x̄2 =

{
j̄l,1 P̄1 . . . P̄N ᾱr,1 . . . ᾱr,N

}T
. The blocks M11 and H11 have

dimension 2N − 1× 2N − 1, the blocks M12 and H12 have dimension 2N − 1× 2N + 1, and the blocks H21 and H22

have, respectively, dimension 2N + 1× 2N − 1 and 2N + 1× 2N + 1. If the block H22 is not singular, we can eliminate
variables x̄2, and reduce Eq. (31) to

(M11 −M12H
−1
22 H21)

∂

∂t
x̄1 = (H11 −H12H

−1
22 H21)x̄1, (32)

which is a system of ODEs. This approach was implemented, and according to numerical experiments, the mass matrix in
Eq. (32) is still singular. Another point is the numerical inversion of matrix H22, which becomes numerically expensive
for large values of N and makes the numerical evaluation of the eigenvalues associated with Eq. (32) more expensive.
According to numerical experiments, the approach addopted in Azevedo et al. (2015) regarding eigenvalues evaluation is
less expensive than the eigenvalues evaluation associated with Eq. (32). Other difficulty is the possibility of matrix H22

to become numerically singular with the increase of the value of N . The best way to implement this approach is to invert
matrix H22 analytically.
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The main beneffit of using algebraic equations to analytically eliminate part of the dependent variables is in the
eigenvalues evaluation necessary to study the stability of a stationary state. Since the number of equations is reduced, the
spectrum size d is closer to the system dimension n, and according to numerical experiments standard numerical methods
for generalized eigenvalues problem gave the correct set of eigenvalues well appart from the smaller set of spurious
solutions.

3.2 Tangent Subspace Projection

The purpose of the projector method is to project the two-phase flow governing equations into its solution manifold.
This approach is only applied to the linearized system of DAEs governing the stationary state perturbations. The linear
system of DAEs governing the stationary state perturbations is projected into the subspace tangent to the solution manifold
at the stationary state. The projected linear system of DAEs is a system of linear ODEs since its mass matrix has now full
rank. The associated spectrum is a composition of the spectrum associated with the original linear system of DAEs plus
a set of zero eigenvalues. The projector method also allows to estimate the size d of the spectrum of the linear system of
DAEs. Therefore, standard numerical methods for generalized eigenvalue problems can be applied to the matrices from
the linear system of ODEs obtained through the projector method and only the d eigenvalues with larger modulus need to
be considered.

There is no necessity to use the algebraic part of the equations to eliminate dependent variables when using the
projector method. There is the possibility to move in the opposite direction. To obtain a constant mass matrix, additional
algebraic relations are defined. This approach was used in Burr et al. (2013), where two additional variables Ml,k and
Mg,k were defined according to the algebraic relation

(h6)k = Ml,k − (sk+1 − sk)

[
1− 1

2
αr,k −

1

2
αr,k+1

]
= 0 for k = 1, . . . , N − 1, (33)

and

(h7)k = Mg,k −
(sk+1 − sk)

2
[Pk+1αr,k+1 + Pkαr,k] = 0 for k = 1, . . . , N − 1. (34)

The variables Ml,k and Mg,k stands for, respectivelly, the liquid and gas mass at the riser interval [sk, sk+1]. The
vector h(x) at the right side of Eq.(19) is increased with the components h6 and h7, both with dimension N − 1. Vector
h(x) has now dimension 6N−2 as well as vector x, which is now rewritten as x = {M1,1 . . . Ml,N−1 Mg,1 . . . Mg,N−1

P1 . . . PN jl,1 . . . jl,N jg,1 . . . jg,N αr,1 . . . αr,N}T . Matrix M in Eq. (19) has now dimension 6N − 2 × 6N − 2
and non-zero elements

Mk,k = 1 for k = 1, . . . , 2N − 1. (35)

The new form of Eq. (19) represents a system of DAEs with 6N − 2 equations, which can be written in compact form
as

M
d

dt
x = h(x) (36)

In Burr et al. (2013), the projector method was applied to the linearization of Eq. (36) with respect to the stationary
state x̃, which is given by the equation

M
d

dt
x̄−

[
∂h

∂x
(x̃)

]
︸ ︷︷ ︸

H

x̄ = 0, (37)

where x̄ is the perturbation vector with respect to the stationary state x̃. Next, a brief outline of the projector method is
given, very close to the projector method description given in Burr et al. (2013). A thorough and detailed descrition of
this method can be found in Riaza (2008) and Lamour et al. (2013).

The matrices M and −H are, respectivelly, rewritten as G0 and B0. The subspace N0 = {x̄ ∈ Rn : G0x̄ = 0} (all
elements of the setN0 are mapped to 0 through the transformation represented by matrix G0) is defined. Let Q0 ∈ L(Rn)
be a projection operator overN0, and P0 = I−Q0 its complementary projector operator. The operators Q0,P0 ∈ L(Rn)
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are represented, respectively, by matrices Q0 and P0. There is no distinction between the operators and theirs matrix
realization in what follows. The projection operator properties Q2

0 = Q0, Q0P0 = 0, Q0 + P0 = I and G0 = G0P0,
allow Eq. (37) to be rewritten as

G0 ˙̄x+ B0x̄ =0

G0P0 ˙̄x+ B0(Q0 + P0)x̄ =0

(G0 + B0Q0︸ ︷︷ ︸
G1

)(P0 ˙̄x+ Q0x̄) + B0P0︸ ︷︷ ︸
B1

x̄ =0

G1(P0 ˙̄x+ Q0x̄) + B1x̄ =0

If matrix G1 is not singular, it can be inverted and the matrix equation above can be written as a linear explicit ODEs

ẏ + G−1
1 B1y = 0,

where y = P0x̄. The spectrum of system of DAEs (37) is just given by the spectrum of the above ODE. If matrix G1 is
singular, the process started above can be continued. Let the matrices Gi+1 and Bi+1 be defined according to equations

Gi+1 = Gi + BiQi, (38)

Bi+1 = BiPi, (39)

where G0 = M, B0 = −H. The subspace Ni = {x̄ ∈ Rn : Gix̄ = 0} is defined, Qi ∈ L(Rn) is introduced as the
projection operator over Ni and Pi = I−Qi is its complementary projection operator. The rank of matrix Gi is labeled
ri and the projection operators Πi = P0 . . .Pi are introduced. Then it is possible to write Bi+1 = BiPi = B0Πi. This
process applied to Eq. (37) for i > 0 leads to

Gi+1

{(
i∏
l=0

Pl

)
˙̄x+

i∑
k=1

(
i∏
l=k

Pk

)
Qk−1x̄ + Qix̄

}
+ Bi+1x̄ = 0 (40)

The sequence defined by Eq.s (38)-(39) ends when the rank of matrix Gi+1 is maximal. This will be the case if the
matrix pencil {M,−H} is regular. A matrix pencil {A,E} is called regular if there is λ ∈ C such that det(λA+E) does
not vanish identically. The images of the linear transformations Gi satisfy the inclusion relation

ImageG0 ⊆ ImageG1 ⊆ . . . ⊆ ImageGi ⊆ ImageGi+1

which implies that

r0 ≤ r1 ≤ . . . ≤ ri ≤ ri+1

The restriction that the sequence of projector operators Qi to be regularly admissible (see Lamour et al. (2013) for
definitions and details) is imposed, which implies trivial intersections among N0, N1, . . . , Nk.

As mentioned before, the process ends when Gµ has maximal rank equal to n. Then, Qµ = 0,Pµ = I and Πµ =
Πµ−1. Consequently, for i = µ, Eq. (40) assumes the form

Gµ+1(Πµ ˙̄x) + Bµ+1x̄ + Gµ+1

{
µ∑
k=1

(
µ∏
l=k

Pk

)
Qk−1x̄ + Qµx̄

}
= 0 (41)

Since Pµ = I and Qµ = 0, then Bµ+1 = Bµ, Gµ+1 = Gµ and Πµ = Πµ−1. Consequently, the equation above can
be written as

(Πµ−1 ˙̄x) + G−1
µ Bµx̄ +

{
µ−1∑
k=1

(
µ−1∏
l=k

Pk

)
Qk−1x̄ + Qµ−1x̄

}
= 0 (42)



IV Journeys in Multiphase Flows (JEM2017)
March 27-31, 2017 - São Paulo, Brazil

This equation can be written in two parts. One is the explicit ODE with respect to Πµ−1x̄ given by

(Πµ−1 ˙̄x) + Πµ−1G
−1
µ Bµx̄ = 0. (43)

and the other is the remaining equation

(I−Πµ−1)G−1
µ Bµx̄ +

{
µ−1∑
k=1

(
µ−1∏
l=k

Pk

)
Qk−1x̄ + Qµ−1x̄

}
= 0. (44)

The Eq. (43) with respect to the dependent variable Πµ−1x̄ represents the time evolution of the stationary state
perturbations. The finite spectrum of Eq. (37) coincide with the non-null part of the spectrum of the explicit ODE (43).

It is not difficult to show that the projection operator Q0 has rank n − r0 (where r0 is the rank of matrix G0 = M),
that the operators Qi have rank n− ri, i = 1, . . . , µ− 1, and therefore that Πµ−1 has rank

d = n−
µ−1∑
l=0

(n− rl). (45)

The rank of operator Πµ−1 is the number of finite eigenvalues in the spectrum associated with the explicit ODE (43).
To implement the projector method, matrices representing the sequence of operators Qi and Pi need to be constructed.

Details on how to accomplish this are given in Lamour et al. (2010) and Lamour et al. (2013). A key point in the numerical
implementation of the projector method is the numerical tolerance ε used to decide if a number should be considered zero
or not. This will be used to determine the numerical rank of matrices Gi. The considered numerical tolerance is given
according to the equation

ε = max(Cσmin, 10−16), (46)

where σmin is the smallest singular value of matrix H and C ∼ O(10−2). If σmin is less that the machine numerical
precision, the matrix pencil {M,−H} is numerically singular, the projector method does not apply and Eq. (37) is a
singular system of DAEs.

The key information furnished by the projector method is a numerical estimate of the number of eigenvalues d (see
Eq. (45)) for the matrix pencil {M,−H}. With this information, any standard numerical method for eigenvalue problems
can be applied to matrix Πµ−1G

−1
µ Bµ, present in Eq. (43), to obtain the spectrum of the matrix pencil {M,−H} or any

standard numerical method can be applied to the following eigenvalue problem

(M− νH) v = 0, (47)

where ν = 1/λ and v is the eigenvector associated with eigenvalue ν and also eigenvector of the matrix pencil {M,−H}.
Standards numerical methods for eigenvalue problems applied to Eq. (47) will furnish n eigenvalues, but only the d
eigenvalues with larger modulus are kept. The other n− d eigenvalues should be zero.

According to numerical experiments, the projector method may not work properly for small values of the discretization
size N if the numerical tolerance ε is set too small. Values around ε ∼ 10−6 to 10−8 works best in this scenario. As
the value of N increases, the projector method performs properly and the numerical tolerance ε can be decreased. Large
vaues of N may be a problem, since there is the risk that matrix H becomes numerically singular and then the projector
method cannot be applied.

3.3 Symbolic Computing

The linear system of DAEs obtained from the linearization of the governing equations with respect to the stationary
state has a structure. Its matrices can be written in terms of blocks with a definite structure. This strucutre is explored
to evaluate the coefficients of the characteristic polynomial for the generalized eigenvalue problem using software for
symbolic computing. As a results, the degree of the characteristic polynomial can be figured out. In other words, the
number d of eigenvalues. With this info the eigenvalues/vectors can be computed using any standard numerical method.
The symbolic computing approach only works for small space discretization sizes, since as the number of nodes increase,
the symbolic computing increases the memory demand and consumes much time, and turns out to be unfeasable. The
value in this approach is that computing the degree of the characteristic polynomial for, let say N = 2, 3, 4 and 5, allows
the inference of the relationship between d and N .
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To illustrate this approach the non-zero elements of matrix H are written below.

(
∂h
∂x

)
k,3N−2+k

= 1; for k = 1, . . . , N − 1
(
∂h
∂x

)
k,3N−1+k

= −1; for k = 1, . . . , N − 1(
∂h
∂x

)
N−1+k,2N−2+k

= jg,k; for k = 1, . . . , N − 1
(
∂h
∂x

)
N+k,2N−1+k

= −jg,k+1; for k = 1, . . . , N − 1(
∂h
∂x

)
N−1+k,4N−2+k

= Pk; for k = 1, . . . , N − 1
(
∂h
∂x

)
N+k,4N−1+k

= −Pk+1; for k = 1, . . . , N − 1(
∂h
∂x

)
2N−1,2N−1

= − jg,1αp

(
∂h
∂x

)
2N−1,4N−1

= −P1

αp(
∂h
∂x

)
2N,3N−1

= 1
(
∂h
∂x

)
3N,3N−2

= 1

(48)

(
∂h

∂x

)
2N+k,2N−2+k

=− 1 + ΠL

{
∂I1,k
∂Pk

+
4

ΠD

∂I2,k
∂Pk

}
= −1 + ck; for k = 1, . . . , N − 1 (49)(

∂h

∂x

)
2N+k,2N−1+k

=1 + ΠL

{
∂I1,k
∂Pk+1

+
4

ΠD

∂I2,k
∂Pk+1

}
= 1 + ck+1; for k = 1, . . . , N − 1 (50)

(
∂h

∂x

)
2N+k,3N−2+k

=ΠL

{
∂I1,k
∂jl,k

+
4

ΠD

∂I2,k
∂jl,k

}
= dk; for k = 1, . . . , N − 1 (51)(

∂h

∂x

)
2N+k,3N−1+k

=ΠL

{
∂I1,k
∂jl,k+1

+
4

ΠD

∂I2,k
∂jl,k+1

}
= dk+1; for k = 1, . . . , N − 1 (52)(

∂h

∂x

)
2N+k,4N−2+k

=ΠL

{
∂I1,k
∂jg,k

+
4

ΠD

∂I2,k
∂jg,k

}
= ek; for k = 1, . . . , N − 1 (53)(

∂h

∂x

)
2N+k,4N−1+k

=ΠL

{
∂I1,k
∂jg,k+1

+
4

ΠD

∂I2,k
∂jg,k+1

}
= ek+1; for k = 1, . . . , N − 1 (54)(

∂h

∂x

)
2N+k,5N−2+k

=ΠL

{
∂I1,k
∂αr,k

+
4

ΠD

∂I2,k
∂αr,k

}
= fk; for k = 1, . . . , N − 1 (55)(

∂h

∂x

)
2N+k,5N−1+k

=ΠL

{
∂I1,k
∂αr,k+1

+
4

ΠD

∂I2,k
∂αr,k+1

}
= fk+1; for k = 1, . . . , N − 1 (56)

(
∂h
∂x

)
3N+k,5N−2+k

= −Cd,k(jl,k + jg,k) + Ud,k; for k = 1, . . . , N(
∂h
∂x

)
3N+k,3N−2+k

= −αr,kCd,k; for k = 1, . . . , N
(
∂h
∂x

)
3N+k,4N−2+k

= 1− αr,k+Cd,k; for k = 1, . . . , N(
∂h
∂x

)
4N+k,k

= 1; for k = 1, . . . , N − 1
(
∂h
∂x

)
4N+k,5N−2+k

= ∆sk
2 ; for k = 1, . . . , N − 1(

∂h
∂x

)
4N+k,5N−1+k

= ∆sk
2 ; for k = 1, . . . , N − 1

(
∂h
∂x

)
5N−1+k,N−1+k

= 1; for k = 1, . . . , N − 1(
∂h
∂x

)
5N−1+k,2N−2+k

= ∆sk
2 αr,k; for k = 1, . . . , N − 1

(
∂h
∂x

)
5N−1+k,2N−1+k

= ∆sk
2 αr,k+1; for k = 1, . . . , N − 1(

∂h
∂x

)
5N−1+k,5N−2+k

= ∆sk
2 Pk; for k = 1, . . . , N − 1

(
∂h
∂x

)
5N−1+k,5N−1+k

= ∆sk
2 Pk+1; for k = 1, . . . , N − 1.

(57)

For a uniform riser discretization, we can just write ∆sk = ∆s. In Eq.s (49)-(56), the large equations resulting from
the partial derivatives of functions Il,k, l = 1, 2 are represented by just by a single symbol. For example, the expresion in
Eq.s (49) and (50), respectively, are just represented by ck and ck+1. Representing the partial derivatives in Eq.s (49)-(56)
just by a single symbol is enough to evaluate the degree of the characteristic polynomial of the matrix pencil {M,−H}.
There will not be large cancelations to justify keeping the whole expresions for all partial derivatives.

The first step in using symbolic computing to evaluate the degree of the characteristic polynomial for the matrix
pencil {M,−H} is to generate the matrices M and the matrix H according to the Eq.s (48)-(57). Then, symbolic
computing software is used to evaluate the characteristic polynomial and to check which polynomial coefficients are
different from zero. Routines to simplify expresions present in the symbolic computing software are used to check which
polynomial coefficients can be simplified to zero or not. This checking process starts with the coefficient of higher power
in the characteristic polynomial and goes on until the first non-zero coefficient is reached. This gives the characteristic
polynomial degree d. As mentioned before, this is possible for small discretization size.

The process on how to infere the degree of the characteristic polynomial for any discretization size N from symbolic
computing for small values of N , like N = 3, 4 and 5 for specific riser configurations is illustrated in the results section.

4. RESULTS

At first, results from symbolic computing on how to evaluate the degree of the characterisitc polynomial for the matrix
pencil {M,−H} for the case of a vertical riser without friction are presented. Next, results for eigenvalues numerical
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Value of N 2 3 4 . . . N
Degree d 2 3 4 . . . N

Table 1. Degree of the characteristic polynomial for vertical riser without friction as a function of the discretization size
N .

evaluation for the matrix pencil {M,−H} for the case of a pipeline-riser system with vertical riser presented in Taitel
et al. (1990) are shown. The two-phase flow model with friction and without friction are considered. Just the 2N − 1
(rank of matrix M) smaller eigenvalues are illustrated. The purpose is to show the difference in the set of eigenvalues
obtained. The case without friction has a large portion of N − 1 spurious eigenvalues since the spectrum size d in this
case is N . The case with friction has just one spurious eigenvalue, since d = 2N − 2 according to symbolic computing
and numerical experiments. This section ends with figures with stability boundaries in the jg × jl plane obtained by the
projector method applied to study the stability of the stationary state of the catenary riser presented in Wordsworth et al.
(1998).

A vertical riser without friction is considered. Under such conditions, Eq.s (49)-(56) simplifies, and ck = ΠL
∆s
2 αr,k,

dk = ek = 0 and fk = ΠL
∆s
2 (Pk−1). The symbolic computations to evaluate the degree of the characteristic polynomial

of the matrix pencil {M,−H} give the results summarized in the table 1.
The last column of Tab. 1 presents an estimate of the degree d of the characteristic polynomial as a function of N ,

based on the results shown in previous column. Therefore, for a vertical riser without considering the friction between the
pipe and fluid, the spectrum size of the matrix pencil {M,−H} is just N .

This estimate can be checked against the projector method estimate for the value of d for a given discretization size
N . To illustrate this we use the parameters from the experimental set up presented in Taitel et al. (1990), which has a
vertical riser and uses air and water for the two-phase flow. Just one value for the gas buffer equivalent lenght, namely
Le = 1.69 meters, is considered. First, the stability boundary in the jg × jl plane obtained from the LSA using the first
strategy described above is given. The pressure at the separator is the atmospheric pressure.

Figure 2. Boundaries of the stability regions at the jg × jl plane (jg on the horizontal axis and jl on the vertical axis) for
Le = 1.69: -·-·-·-·- , Le = 5.1: - - - - - - and Le = 10:———– .

Next, the point (jl, jg) = (1.0, 1.0) for the configuration Le = 1.69 meters is considered. According to Fig. 2, this
point lies in the stable region of the jg × jl plane. For this point 2N − 1 eigenvalues are evaluated using a standard
numerical method to evaluate eigenvalues, since the rank of matrix M is 2N − 1. Therefore, the spectrum of the matrix
pencil {M,−H} has at most 2N − 1 eigenvalues. This set of eigenvalues for the case with friction and for the case
without friction are used to illustrate the difficulty in separating the matrix pencil spectrum from spurious eigenvalues.
Fig.s 3 and 4 give, respectively, the negative and positive part of the set of 2N − 1 eigenvalues.

Notice the difference for the positive part of the spectrum for the model with and without friction. For the case with
friction, there is only one positive eigenvalue for stable stationary state, but for the case without friction, there is a large
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(a) Two-phase flow without friction
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(b) Two-phase flow with friction

Figure 3. Negative part of the spectrum for different riser discretization size N . Horizontal axis: eigenvalue real part, and
vertical axis: eigenvalue imaginary part.
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(a) Two-phase flow without friction
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(b) Two-phase flow with friction

Figure 4. Positive part of the spectrum for different riser discretization sizes N . Horizontal axis: eigenvalue real part, and
vertical axis: eigenvalue imaginary part.
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numbers of positive eigenvalues (actually N −1 spurious eigenvalues), but all of them with larger modulus than what was
observed in the case with friction. This makes the aplication of the projector method easier for the case without friction.
For the case with friction, according to Fig. 4, the modulus of the largest eigenvalue with real positive varies as a function
of the riser discretization size N . The eigenvalue modulus grows with the increase of the riser discretization size N .
Therefore, with a large enough riser discretization size N , the projector method will give the right stability map. From
Fig. 3, it is difficult to count the number of eigenvalues with negative part, which are the actual spectrum of the matrix
pencil {M,−H}, but for each discretization size N , there are N negative eigenvalues.

To illustrate the performance of the projector method, the stability boundary in the jg× jl plane for the stationary state
of the catenary riser used in the experimental set up presented in Wordsworth et al. (1998) is evaluated as a function of the
riser discretization sizeN and displayed in part (a) of Fig.5. There is almost no difference between the stability boundaries
showed in part (a) of Fig. 5 for N = 25 and N = 50. The catenary riser from the experimental set up from Wordsworth
et al. (1998) is also used to show that both strategies to perform the linear stability of a stationary state give very similar
stability boundaries. Part (b) of Fig. 5 shows stability boundaries generated by each strategy as a function of the separator
pressure located at the riser top. Three values of the separator pressure are considered, which are 2.013 bar, 2.7 bar and
4.1 bar. At the legend of part (b) of Fig. 5, PM stands for projector method and DVE stands for dependend variable
elimination through algebraic relations, which is the approach used in Azevedo et al. (2015). The discretization size for
the stability boundaries obtained through the projector method is N = 25 (N = 50) for the separator pressures 2.013 bar
and 2.7 bar (4.1 bar), since discretization size N = 25 is enough for convergence of the stability boundary according to
part (a) of Fig. 5.

Notice that the stability boudaries recovered by both strategies (PM and DVE) for separator pressures 2.013 bar
and 4.1 bar have basically the same branch parallel to the jg axis (horizontal branch), but the branch parallel to the jl
axis (vertical branch) presents some difference between strategies, as illustrated by part (b) of Fig. 5. For the separator
pressure value of 2.7 bar this trend is not observed, since the stability boundary horizontal branch does not coincide
for both startegies, but are parallel, and the difference between the vertical branch of each strategy is smaller than the
difference observed for the other two separator pressure values. Overall, stability boundaries obtained by both strategies
are very similar.
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(a) Stability boundary as a function of the discretization size
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(b) Stability boundaries from both strategies

Figure 5. jg on the horizontal axis and jl on the vertical axis. Buffer equivalent length Le = 0.0 meters.
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5. DISCUSSIONS AND CONCLUSIONS

The main advantage of the strategy of using part of the algebraic relations to eliminate part of the dependent variables
for the stability analysis of a stationary state is in the evaluation of the spectrum of the eigenvalue problem associated
with the system of DAEs governing the stationary state perturbations. After partial elimination of the original depen-
dent variables, the difference in dimension between the subspace tangent to the solution manyfold at the stationary state
and the system dimension is much smaller. Therefore, when standard numerical methods are employed to evaluate the
eigenvalues, the spurious set is small and well apart from the actual spectrum.

The projector method, on the other hand, can be applied to the system of DAEs linearized with respect to the stationary
state without using the algebric part of the equations to eliminate dependent variables. Actually, it is possible to go in
the opposite direction as illustrated in section 3.2. Additional algebraic relations can be added, for example, to make
the mass matrix constant. The projector method recovers stability boundary very similar to the one obtained by the
previous strategy (dependent variable elimination through algebraic relations), but does not work properly for too small
discretizations. Best performance observed for 10 < N < 50. Too large values of N could be a problem, since matrix H
could be numerically singular. Proper choice of the numerical precision or tolerance ε is necessary, as already discussed
at the end of section 3.2.

The strategy of symbolic computing the degree of the characteristic polynomial for the generalized eigenvalue problem
associated with the linear stability analysis of a steady state is complementary to both previous strategies. It allows to
check the estimate of the spectrum size given by the projector method and can be used to check if the elimination of part
of the dependent variables through the algebraic relation gives the correct number of eigenvalues.
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